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The solution of the problem of the edge of a turbulent jet, obtained in [1] start ing f rom a model 
of the vort ical  motion of an ideal liquid, is general ized for the case of the turbulent mixing of 
two plane semibounded (accompanying or  opposing) flows of an incompress ible  liquid. It is 
shown that the resu l t s  of calculation are  in qualitative agreement  with experimental  data and 
that they are close to them quantitatively. Some of the special  cha rac te r i s t i c s  of the method 
are discussed.  

1. In [1] an analytical  solution is given to the problem of the two-dimensional  mixing of a plane homo-  
geneous s t r eam and a s ta t ionary liquid (the problem of the "edge of the jet" in the theory of turbulent jets 
[2])~ The s tar t ing point for construct ion of the theory in [1] was a model of the vort ical  motion of an ideal 
(nonviscous) incompress ib le  liquid. 

The analog,  between this type of motion and fully developed (established, on the average) turbulent 
flow has been known for a long time ([3], page 271). 

In [1] the authors do not leave out of considerat ion the question of the origin of vort ices and t rea t  it 
on the basis of a model of the mixing layer  forming with the decomposi t ion of an unstable tangential d i s -  
continuity of the velocity into a large number of individual vort ices .  By averaging in t ime of the actual 
values of the velocity of the uns teady-s ta te  potential flow of a liquid, in which isolated vort ices  are  moving, 
the authors impar t  to the model the principal  proper t ies  of average turbulent motion, par t icular ly  "losses 
of m e m o r y "  with respec t  to the initial state. This method, i.eo, a t ransi t ion to an averaged flow, which is 
independent of the initial random conditions, is an approximation on the road to a di rect  calculation of tu r -  
bulent motion by the solution and subsequent averaging of the unsteady-s ta te  Nav ie r -S tokes  equations. The 
model adopted can ref lect  three cha rac te r i s t i c  negative c r i t e r i a  of the actual turbulent motion, i.e., its 
uns teady-s ta te  charac te r ,  its nonlinearity,  and its i r regular i ty ,  and can confer typical s ta t is t ical  p rope r -  
t ics on the averaged flow, i.e., s teady-s ta te  conditions, continuity, and an ordered  charac te r .  

Neglect of the effect of viscosi ty is admissible for fully developed turbulent motion far  f rom solid 
walls and for the region of scales  in which viscous dissipation is insignificant. 

The solution of the problem obtained in [1] and its calculated examples,  i.e., the profiles of  the lon- 
gitudinal component of the velocity and its dispers ion,  bear  ~dtness to qualitative agreement  with exper i -  
ment. The resu l t s  of calculation are  quantitatively close to the experimental  values (on the o rder  of mag-  
nitude of the value of the pulsations of the velocity < u'2>, of the value of the relat ive velocity <u>/u t ~ 0.7 
at the prolongation of the line of separat ion,  and of others) .  It is of in teres t  to make a more  complete ex- 
amination of the proposed model and to make a compar ison  of the resul ts  of calculations of the solution and 
experimental  data, and, specif ical ly,  to supplement the calculation of the longitudinal component of the 
velocity by calculation of the t r ansve r se  (mean and pulsational) component of thc velocity, and to determine 
the value of the turbulent fr ict ion s t r e s s  inherent in the model and the values of the corre la t ions  and their  
distr ibutions in the field of the flow. 
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Fig. I 

We shall c a r r y  this out using the example of the 
problem of the free turbulent mixing of two homogeneous, 
p lane-paral le l ,  accompanying or  opposing flows of an in- 
compress ib le  liquid [2]. A part ia l  case of this problem is 
the problem of the edge of a jet [1]. A considerat ion of 
accompanying flows permi ts  making a compar ison between 
the model and experiment,  f rom a detailed study in the ex- 
per iments  of the effect of the pa rame te r  of accompaniment  
m [the ratio of the velocit ies of the flows m = u2/u I (see 
Fig. 1)] o n t h e  charac te r i s t i c s  of the mixing layer .  Gen- 
eral izat ion of  the problem for opposing flows is of in teres t  

f rom the point of view of a compar ison between calculation and approximate resul ts  obtained within the 
f ramework  of the theory of the boundary layer ,  i.e., for parabolic equations [2]. 

2. Schematically (Fig. 1), the problem of the turbulent mixing of accompanying flows or  opposing 
flows reduces to the following. On both sides of a thin semiinfinite plate, two homogeneous plane-paral le l  
flows of an incompressible  liquid move at different velocit ies.  We neglect the frict ion of the liquid on the 
plate, i.e.,  we shall not take account ofthe effect of the boundary layer  near the wall near the surface.  We 
supertx~se the plate on the x axis in the region x < 0 and its edge on the origin of coordinates .  Starting 
f rom this point (x = 0, y = 0), the separate  flows (for definiteness,  we shall speak of an accompanying flow) 
come into contact. For  the free flow of a nonviscous liquid, under the conditions of the problem there is no 
charac te r i s t i c  dimension. Therefore ,  we must  expect, and this is confirmed experimentally for problems 
of free turbulence,  se l f - s lmi la r i ty  of the fully developed averaged flow. This means that the relat ive values 
of the averaged valocity 

t + A t  ~. 
( u >  , / ~/ \ I t 

) 
t - - ~ t  2 

are  universa l  and depend on the ratio of the coordinates y /x  (but not on y and x individually). 

For  a mathematical  s tatement of the problem, we formulate  the boundary conditions. We shall a s -  
sume that the values of the velocity of the flows at the boundaries of the region are given by 

u = u l  with x - - , - - c o ,  y > O ,  - - c o < x <  §  g ~ +  oo 

u = u~ with .r--~ --co,  g ~ O ,  - - c o < x <  - co, y---~-- oo 

We give a discontinuity of the velocity at the lines of the flow y = 0, simulating in the left-hand half-  
plane the plate t 

u(x, + O ) - - u ( ~ : ,  -O) = ul -- u,, v ( z , + O )  - v ( z ,  - 0 ) = 0  

As a condition closing the calculating region we assume,  following [1], that, at an a rb i t r a ry  boundary 
of the flow at a distance L from the edge of the plate, the flow is paral le l  to the x axis, i .e . ,  

v(x, y, t) = 0 with x = L, - - c o < y ~  -~- co 

The art i f icial  limitation of the length of the mixing region is connected with the inclusion of the scale 
of length L, which is lacking in the physical  statement,  in the conditions of the problem. This leads to an 
imposed solution for the charac te r  of the flow near this boundary with x --  L which is unreal  for the physi-  
cal problem. In actuality, at any a rb i t r a ry  distance f rom the edge of the plate differing f rom zero,  not only 
the actual values of thc component v(x, y, t) ~ 0, but also the averaged value ( v} (x, y) ~ 0. Therefore ,  the 
best  agreement  with experiment is to be expected f rom a solution near the plate, i.e.,  with x << L. Self- 
s imi lar  flow should correspond to a limiting solution with x / L - -  0. With x / L  - -  1, there is inevitably an 
appreciable difference between the calculated resul ts  and the rea l  proper t ies  of the flow. Since < v)<< <u>, 
this effect of the boundary condition with x = L can dis tor t  only slightly the profile of the longitudinal com-  
ponent of the averaged velocity in the region x << L. The effect can be considerable for the profile of the 
t r ansver se  component (mean and pulsational) as well as for the corre la t ion  and the Reynolds s t ress  (in [1] 
the profiles of <u> and (u'2> are  given only for the single c ross  section x /L  = 0.5). 

3. The postulation of the distr ibution of the vorticity 
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oh :-- o.) Ov i Ox - Ou / Oy (3.1) 

in the f i e ld  of  the  f low is  e s s e n t i a l .  F o l l o w i n g  [1], we s h a l l  a s s u m e  a va lue  a: = 0 i n t h e  whole  m i x i n g  r e -  
g ion,  e x c e p t  fo r  po in t s  a t  which  i n d i v i d u a l  v o r t i c e s ,  g e n e r a t e d  with  the  d e c o m p o s i t i o n  of  the  i n t e r f a c e ,  a r e  

a r e  l o c a t e d  at  any g iven  m o m e n t  o f  t i m e .  I n t r o d u c i n g  the  f low func t ion  in a c c o r d a n c e  with the  f o r m u l a s  

u = 0 ~ / @ ,  v =  --0q~, Ox 

we connec t  in wi th  t he  v o r t i e i t y  u s i n g  the P o i s s o n  equa t ion  

Ag = --~) (3.2) 

The  t i m e - a v e r a g e d  c i r c u l a t i o n  o f  the  v e c t o r  o f  the  v e l o c i t y  i n t h e  m i x i n g  r e g i o n  is  m a d e  up of  the  c i r -  
c u l a t i o n  c r e a t e d  by  the  b o u n d a r y  d i s c o n t i n u i t y  of  the  v e l o c i t y  with x < 0 

0 9-0 

F,.<o = !~, fo(U'z---uOdxdy 

and the  t o t a l  c i r c u l a t i o n  of  the  s y s t e m  of  N poin t  v o r t i c e s ,  l o c a t e d  on the a v e r a g e  ( a f t e r  the t i m e  At) in the  
band 0 <  x <  L,  

I--At 2 1. :',= 
[ 

I ' i , : - . \ ' F I  = ~ 7  i ! i ~  
t - - A t  2 t) - v 

Going o v e r  f r o m  the c i r c u l a t i o n  F to the  Vor t i c i ty  w, we r e d u c e  the p r o b l e m  to the i n t e g r a t e d  P o i s s o n  
equa t ion  

- -  t / 2  

Aq ( u ~ - - u : ) 6 ( y ) : ( - - ~ )  : "'-f  L ~ 6 1 y - - y , , ( t ) 1 6 [ x -  ~,,(t)l (3.3) 

w h e r e  5(z) and a (z )  a r e  s y m b o l s  of  a 5 - f u n c t i o n  and a uni t  p o w e r  funct ion  [ d a ( z ) / d z  = 5(z)]; Yn(t) and Xn(t ) 
a r e  the  i n s t a n t a n e o u s  c o o r d i n a t e s  of  the  n - th  po in t  Vor tex (n = 1, 2 . . . . .  N). We g ive  the so lu t ion  of  Eq. (3.3) 
wi thout  t ak ing  account  of  po in t  v o r t i c e s ,  i . e . ,  fo r  the  s t e a d y - s t a t e  p r o b l e m  

3 r  ..= ( u ,  - ...,) 6 ( y )  .: - . , - )  (q - ,  = V,  ( . ,  ~/)) 
(3.4) 

with the b o u n d a r y  c o n d i t i o n s  

Oq" s d E - -  l q  w i t h  y - ~  o o ,  0 %  0! /  = u :  w i t h  ! ] ~  - -  c r  

Oq" a 0 . (  = 0 w i t h  , c - - +  - -  c ~ .  (,'q'r 0.~' =- 0 w i t h  .,' =~ L (3.5) 

By the s u b s t i t u t i o n  

/ I I  l - - .  I I .  2 r  .~ - - ~ , , - E ' , , . . _ ,  , sign y (3.6) 
" l 

we r e d u c e  the  p r o b l e m  to a Neumann  p r o b l e m  with null  va lues  of  the  d e r i v a t i v e s  a long a n o r m a l  to the bound-  
a r y  at  the  b o u n d a r i e s  of  the  c a l c u l a t i n g  r e g i o n  

A%* = ( . ,  --  . : )  6 (y) I~ ( _ , )  - - 1 ]  

The  b o u n d a r y  cond i t i ons  fo r  Eq.  (3.7) a r e  

(3.7) 

0~:*~ : 0 y  0 w i t h  !/ - +  ~_ o o ,  0q '*~ ,' 0,," == 0 w i t h  , - - - ~  - -  oo ,  ~ . . . .  L 

The G r e e n  func t ion  fo r  th i s  p r o b l e m  has  the  f o r m  

( 3 . 8 )  

(; (.~'. y ,  ~" .  y ' )  . . . .  ' / : I n  [(.v - -  .d )  ~ -= (!! - -  y ' ) z ]  - - , L , z l n  I ( x  - ~" - -  L )~  . -  (?/ - -  ! / ) q  

The  s o l u t i o n  of  the  P o i s s o n  equa t ion  (3.7) i s  e x p r e s s e d  in t e r m s  o f  the  G r e e n  funct ion  (3.9) by 

(3.9) 
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l, ~ - ~  I, 

IS 1 A~*G (x, y, x', !f) dxdy = ~ l (u~ - -  u~) G (x, O, x', y') dx ~.,* (z', ~ j ' )=  ---g~- 
-oc - - ~  0 

(3.1o) 

we o b t a i n  

9 / x' :~' - -  2L'.,1 =_ ,,x-,,~ x, ln(x,. , ,  y , . ~ ) _ ( x , _ 2 L ) l n [ ( x , _ 2 l . ) ~ + g , ~ l _ 4 L . ,  y, i a r c t g . 7 _ a r c t g  y" i ) ] (3.11) ~,* (x', :13 ,,.~ 

T a k i n g  a c c o u n t  of  p o i n t  v o r t i c e s ,  t he  s o l u t i o n  of  the  c o m p l e t e  e q u a t i o n  (3.3) h a s  the  f o r m  

, ( x . ' , .~ ' , t )=  y ' ( " ' - ~ " ~  : " '  - "'-' ) 2 " 7 sign y' + ~,* ( x', y') -T- 

-\ (3.12) 
( ,q  - - , , : )  L 

',-5-:W ~ .',In I(x' - -  x~) ~ -'.- (y' - -  y,,)'2l + In [(z' - -  2L _- x,} ~- + ( y ' - -  y,).zj] 

We go o v e r  to d i m e n s i o n l e s s  v a r i a b l e s  and p a r a m e t e r s ,  u s i n g  the  q u a n t i t i e s  L and u I as  the  s c a l e s  
of t he  l e n g t h  and  the  v e l o c i t y :  

"T" o x ~1 t z  == t o u ~; 
_ _  . -  _ _  i )  ~ .~_ _ _  = ~ Y '  ! t ~  I . ' ~  ' u  . , :  ' u; ' 

"~ .d~o ~' 
Ill, =~ - - ,  =~ 

I l l  " * u l L  

( in wha t  fo l lows  we s h a l l  o m i t  the  d e g r e e  s i g n s  on  the  d i m e n s i o n l e s s  q u a n t i t i e s  and the  p r i m e s  on  the  c o -  
o r d i n a t e s  x '  and  y ' ) .  

F o r  the  d i m e n s i o n l e s s  c o m p o n e n t s  of the  v e l o c i t y ,  f r o m  s o l u t i o n  (3.12) we have  

Oq' t . : m  t . - m  I - - m  / 
u . . . .  -- ': - -  sign y : arc t~ ~ - a q 2 2 2~ " .v 

- ~ -  1-2! t - - m  ~ arctg ,~ /+~"(!/-!/") F t , I ] 
(~ - -  x,~)-' + ( v  - ~4Y" ' (:r - -  2 ~ ~ ) ~  = ( ' / - -  !4 ,I)?J 

)l~L 

(3.13) 

N 
Ot~" __ _ _ |  . . . .  [ t l  f l  - t12 1 - - m  L~_I! x - : v )  ) z . - 2 - ~  ,'r)) qn),~i  

c' - - a.~ 4=  ( r  - 2 F  -{- .q'~ -2?~.V" (z  - -  %,)'-' -:- ('I - -  t6, )'~ T (.,._ 2 ~- %)"-  t (V - ( 3 . 1 4 )  T ~  

T h e s e  f o r m u l a s  d e t e r m i n e  the  u n s t e a d y - s t a t e  f ie ld  of  t he  v e l o c i t i e s  f o r  the  r e g i o n  u n d e r  c o n s i d e r a t i o n  

if the  f u n c t i o n s  Xn(t) and  Yn(t) a r e  k n o w n .  

Le t  us  w r i t e  the  e q u a t i o n s  fo r  d e t e r m i n i n g  xn(t)  and Yn(t), i . e . ,  the  e q u a t i o n s  of  m o t i o n  of  the  i n d i v i d u a l  
v o r t i c e s .  F o r  an  i d e a l  l i q u i d ,  f r o m  the  e q u a t i o n s  of m o t i o n  t h e r e  fo l lows  the  e q u a t i o n  fo r  the  t r a n s f e r  i c o n -  
s e r v a t i o n )  of  v o r t i c i t y  

do>/dr = Ow ~ S t  - u&o / O.r - var ," @ = 0 

Since ,  f o r  p o i n t  v o r t i c e s  

3, N 

r == ~ (% = c ~  5 I x - -  x , ( t ) l ( 5 1 y - -  ! 4 ( t ) )  

we t h e n  a r r i v e  a t  t he  f o l l o w i n g  e x p r e s s i o n :  

N .%' 
aS t~/ -- .K~ (t)] iv d,:~ aS I~, -- ~, (t)] Iu d,-,, 0 ~ 5 l x - ~ . , ( t ) l  a,J , - - ~ ) " -  ~ ] , ~ l y - ~ , ( t ) l  o., ~, 

It  c a n  be  s e e n  tha t  wi th  x - -Xs( t}  and  y ~ Y s ( t }  

d:q / dt = u (.r. !h, t), d!h / dt - v (xs, y~, t} (3.15} 

T h e s e  e q u a l i t i e s  c o n s t i t u t e  e v i d e n c e  o f  the  d i s p l a c e m e n t  of  the  v o r t i c e s  a l ong  wi th  the  f low of  l i q u i d .  
T h e  c o o r d i n a t e s  of  the  po in t  v o r t i c e s  Xs(t} and Ys(t) c a n  be  found  f r o m  E q s .  (3.15}, the  r i g h t - h a n d  p a r t s  o f  
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p o s e s  of  c o m p a r i s o n ,  N = 25 and 100. 

wh ich  a r e  e x p r e s s e d  by  f o r m u l a s  (3.13) and (3.14) with the  r e -  
p l a c e m e n t  of  x and y by x s and Ys. (In the  s u m m a t i o n ,  t e r m s  wi th  
n = s m u s t  be o m i t t e d ,  so as  not  to t a k e  accoun t  of  the  a c t i o n  of  
a v o r t e x  on i t s e l f . )  

B e f o r e  p a s s i n g  on  to a d e s c r i p t i o n  of  a n u m e r i c a l  c a l c u l a -  
t i on  u s i n g  Eqs .  (3 .13)- (3 .15) ,  we m u s t  m a k e  a few c o m m e n t s  on  
the  f i e ld  of  the  v e l o c i t y  g e n e r a t e d  by  the s t e a d y - s t a t e  v o r t i c a l  
f i e ld  of  the  p l a t e ,  i . e . ,  by the  b o u n d a r y  d i s c o n t i n u i t y  of  the  v e l o c -  
i ty  wi th  x < 0. The  s t e a d y - s t a t e  p a r t  of  the  s o l u t i o n  (r c o r r e -  
s p o n d s  to a p r o f i l e  of  the  l o n g i t u d i n a l  c o m p o n e n t  o f  the  v e l o c i t y  
which  i s  s y m m e t r i c a l  wi th  r e s p e c t  to the  y ax i s  [with a va lue  u = 
(ul + u2)/2 at  the  a x i s ] .  The  t r a n s v e r s e  c o m p o n e n t  with y = 0 d i f -  
f e r s  f r o m  z e r o  in the  r e g i o n  x < 0. F o r  the s t e a d y - s t a t e  p a r t  of  
the  s o l u t i o n  the  p l a t e  is  not a l ine  of  f low. C a l c u l a t i o n  shows  tha t ,  
t a k i n g  accoun t  of the  u n s t e a d y - s t a t e  p a r t  of  the  f low,  i . e . ,  o f  the  
v e l o c i t y  f i e ld  induced  by  the v o r t i c e s ,  the  a v e r a g e d  f low p r a c t i c a l -  
15, s a t i s f i e s  the  b o u n d a r y  cond i t i on  v = 0 wi th  y = 0, x < 0~ The  
p r o f i l e  of  the  v e l o c i t y  (u> t a k e s  on the a s y m m e t r y  c h a r a c t e r i s t i c  
fo r  the  p r o b l e m  u n d e r  c o n s i d e r a t i o n  (<u) ~ 0.7u~ wi th  y = 0 and 
m = 0 ) o  

4. Equa t ions  (3 .13)-(3 .15)  w e r e  s o l v e d  n u m e r i c a l l y  in a 
B ~ M - 0  d i g i t a l  c o m p u t e r  fo r  va lue s  o f  the  p a r a m e t e r  m = u2/u 1 = 
0, 0.1, 0.25, 0.5 a s  we l l  a s  m = - 0 . 2 .  In the  c a l c u l a t i o n ,  a m e a n  
va lue  of  the  n u m b e r  of  v o r t i c e s  was  t aken ,  N = 50, and fo r  p u r -  

With  a change: in N, t h e r e  was  a v a r i a t i o n  of the  t i m e  r e q u i r e d  fo r  
the  e s t a b l i s h m e n t  of  s t e a d y - s t a t e  c o n d i t i o n s  in an a v e r a g e  f i e ld  ( a p p r o x i m a t e l y  p r o p o r t i o n a l  to the  n u m b e r  

N). 

The i n t e r v a l  of  t i m e  b e t w e e n  the i n t r o d u c t i o n  of  i nd iv idua l  v o r t i c e s  r wi th  m > 0, t a k i n g  a c c oun t  of  the  
t i m e  tha t  a v o r t e x  i s  l o c a t e d  in the  s y s t e m  t o = 2 / (1  + m) ,  was a s s u m e d  equa l  to to/N. With m < 0, the  va lue  
was  d e t e r m i n e d  by  a c o n t r o l  c a l c u l a t i o n  in such  a way tha t  the  m e a n  n u m b e r  of  v o r t i c e s  in the r e g i o n  of  the  
f low r e m a i n e d  equa l  to a g iven  va lue  (for  m = - 0 . 2  the  i n t e r v a l  r ~ 1.1 t0/N).  In the  i n i t i a l  s t a t e  N v o r t i c e s  
a r e  d i s p o s e d  a long  the l ine  

n- -0 .5  l ~  ) ) g'~-~O (x,~, --- N ~ g,~=0.01sin~-2--x~ , n =  1 , 2 , . . . , N  
\ 

The  c h o i c e  of  the  i n i t i a l  v e l o c i t y  f i e ld  had no e f f ec t  on the  a v e r a g e d  f low s i n c e ,  a f t e r  a t i m e  equa l  to 
50-100 7, the  p u l s a t i o n s  of  the  v e l o c i t y  t a k e  on a r a n d o m  c h a r a c t e r .  T h i s  can be  s e e n  f r o m  the  e x a m p l e  of  
a c a l c u l a t e d  o s c i l l o g r a m  of  the  l o n g i t u d i n a l  c o m p o n e n t  o f  the  v e l o c i t y  at  the po in t  x = 0.5, y = 0.005 (F ig .  2, 
m = 0). A f t e r  t h i s  t i m e ,  the  p u l s a t i o n  c h a r a c t e r i s t i c s  o f  the  f low 

(~v : :  @,27' ~, 
<u'v" ), 

K~o = <u'v'>/r 

a r e  found to be  on ly  a p p r o x i m a t e l y  fu l ly  d e v e l o p e d  and can  be  u sed  m o s t l y  fo r  q u a l i t a t i v e  e v a l u a t i o n s  and 
fo r  c o m p a r i s o n  with  e x p e r i m e n t .  

5. L e t  us c o n s i d e r  the  q u e s t i o n  o f  the  s e l f - s i m i l a r  c h a r a c t e r  of  the  f low for  m = 0. F i g u r e  3 g i v e s  
fou r  p r o f i l e s  of  the  l o n g i t u d i n a l  c o m p o n e n t  of  (u> in the  c a l c u l a t i n g  c r o s s  s e c t i o n s  x = 0.2, 0.3, 0.4, and 
0.5 ( c u r v e s  1, 2, 3, 4) as  a func t ion  of  the  r a t i o  y / x .  As  can  be s een  f r o m  the f i g u r e ,  for  d i f f e r e n t  d i s t a n c e s  
f r o m  the edge  of  the  p l a t e ,  the  p r o f i l e s  of  <u> d i f f e r  a p p r e c i a b l y  among  t h e m s e l v e s .  The  d i f f e r e n c e  in -  
c r e a s e s  wi th  an i n c r e a s e  in x and i s  a r e s u l t  o f  the  a r t i f i c i a l  l i m i t i n g  cond i t i on  with x = 1 ( see  above) .  The 
r e s u l t s  o b t a i n e d  p e r m i t  e x t r a p o l a t i n g  the  p r o f i l e  fo r  the  l i m i t i n g  va lue  x - -  0. The  s e l f - s i m i l a r  p r o f i l e  of  
the  v e l o c i t y ,  shown by the h e a v y  l ine  in  F i g .  3, w i l l  be u sed  for  c o m p a r i s o n  wi th  the  r e s u l t s  o f  a c a l c u l a -  
t ion  m a d e  u s i n g  a s e m i e m p i r i c a l  s c h e m e  which  a r e  in good a g r e e m e n t  with e x p e r i m e n t .  The  p r o f i l e  of  the  
m e a n  v e l o c i t y  s e l e c t e d  us ing  e x t r a p o l a t i o n  is  c l o s e t o t h e  c a l c u l a t e d  va lue  with  x = 0.2. In th i s  c r o s s  s e c -  
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tion, nearness  to the "source of the vor t ices"  has an effect on calcula-  
tion of the pulsations. Therefore ,  in the succeeding figures for m = 0 
and with analysis of data for m ~ 0, the calculated resul ts  are given 
for the c ross  section x = 0.3 (with the exception of Fig. 4, in which the 
resul ts  of the calculation are  compared with the data of [1]). 

Figure 4 gives calculated profi les of the averaged and pulsation 
charac te r i s t i cs  for m = 0 and x = 0.5. The dotted line shows the r e -  
sults of a calculation of (u) and cr u car r ied  out in [1], which are in agree -  
ment with those obtained in the present  work. The remaining profiles 
(of the t r ansve r se  component of (v) as well as of (u 'v ' ) ,  a v, and Kuv) 
have a form typical for the problem of the edge of a jet and, in o rde r  of 
magnitude, coincide with the experimental  data of [2, 4-6]. During the 
course  of the solution of the unsteady-s ta te  problem, there develops a 
stable corre la t ion  between the actual values of u' and v';  the maximal  

value of Kuv ~ - 0 . 5 .  Supplementing the resul ts  of [1] for the edge of a jet, there is confirmed the poss i -  
bility of an analytical determinat ion of a quantity charac te r i s t i c  of turbulent flows, analogous to the Reynolds 
s t r e ss  ( -  TT/P = (u'v')) as well as of the distribution of the t r ansve r se  component of (v) (a value on the 
o rde r  of magnitude of 10-2ul). In o rde r  of magnitude, the values of the pulsations of a u and a v attain 20- 
30% of u 1, which is in agreement  with experiment.  

Analogous profi les for x = 0.3 are  shown in Fig. 5. In their  cha rac te r  they are s imi lar  to the curves  
for x = 0.5 but, as a resul t  of the great  distance f rom the c ross  section x = 1, they are  c loser  to s e l f - s imi -  
lar .  

Figure 6 shows profiles of the mean (a) and pulsational (b) charac te r i s t i c s  for x = 0.3, with values of 
the pa rame te r  of accompaniment  m = 0, 0.1, 0.5 (curves 1, 2, 3, respectively).  It can be seen from the 
figure that the superposit ion of an accompanying flow leads to a constr ict ion of the mixing region and to a 
lowering of the intensity of the pulsations. These proper t ies  are charac te r i s t i c  for r ea l  flows [2, 4-6], i.e.,  
the resul ts  of calculation are  in agreement  with experiment.  

Figure 7 gives analogous profi les of the mean and pulsational charac te r i s t i c s  for an opposing flow 
(m = -0 .2 ,  x = 0.3). The solution makes it possible to obtain a qualitatively plausible picture of the motion, 
which is in agreement  with calculations using a semiempi r ica l  scheme [2, 4, 5]. A quantitative compar i -  
son with experiment is difficult for this problem, due to the lack of detailed experimental  data. There  is a 
change in the sign of (u 'v ' )  in Fig. 7 in the region of the t ransi t ion to opposing flow ((u) (0)). The valuesof  
the pulsations are  g rea te r  with m = - 0 . 2  than with m = 0.2, i.e., with different absolute values of m, oppos-  
ing flow corresponds  to more  intense turbulence.  

To make a comparison between the calculated resu l t s  and experiment,  instead of experimental  data 
differing among themselves ,  it is expedient to have r ecou r se  to the calculating formulas  of semiempi r ica l  
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t h e o r i e s .  F i g u r e  8, c u r v e  1, g i v e s  a c a l c u l a t e d  p r o f i l e  of  the  v e l o c i t y  (the s e l f - s i m i l a r  c u r v e  in F ig .  3, 
m = 0), c u r v e  2 a p r o f i l e  of  the  v e l o c i t y  u s i n g  a me thod  e q u i v a l e n t  to the  p r o b l e m  of  the  t h e o r y  of  t h e r m a l  
c o n d u c t i v i t y  [7], and c u r v e  3 the  s o - c a l l e d  Sch l i ch t ing  p r o f i l e  [4]. ( F o r  c u r v e  2 

t r i ~ _ e r f  / u i ! ' /~  
( u } =  l f :Z L ' \ az j J 

i t  i s  a s s u m e d  tha t  a = 0.091, s t a r t i n g  f r o m  the a g r e e m e n t  b e t w e e n  the  va lue s  of  y / x  with (u} = 0.1. F o r  
c u r v e  3 (u) = [1 - (y~/b3/2] 2, fo r  a g r e e m e n t  i t  i s  a s s u m e d  tha t  (u} = 0.7 with y / x  = 0 and Ys /b  = 0.29 and 
tha t  (u} = 0.1 ~ith- y / x  = - 0 o 1 5  and Ys /b  = 0.77; t h i s  c o r r e s p o n d s  to c ~ 0.33 and to the  e q u a l i t y  b = cx.) 
As can  be s e e n  f r o m  F i g .  8, the  c a l c u l a t e d  and s e m i e m p i r i c a l  c u r v e s  a r e  c l o s e ;  the  d i v e r g e n c e s  l i e  wi th in  
the  l i m i t s  of  the u s u a l  s c a t t e r  of  the  po in t s .  

F i g u r e  9 in the  c o o r d i n a t e s  

C~ <u> - ,0. , t) = 
Ul - -  ~12 Y l / |  

w h e r e  Yl/2 i s  the c o o r d i n a t e  o f  the  po in t  w h e r e  fi = 1 /2 ,  g i v e s  a p lo t  of  the  a p p r o x i m a t e l y  u n i v e r s a l  p r o f i l e  
(1) ~ = f ( ~ )  fo r  a l l  va lue s  of  m ( - 0 . 2  _<_ m -< 0.5) and c u r v e s  2 and 3 a n a l o g o u s l y  to F ig .  8. As c u r v e  1 the  
m e a n  p r o f i l e  f r o m  the  d i s t r i b u t i o n s  of  the  v e l o c i t y  fo r  d i f f e r e n t  va lue s  o f  m is  t aken .  C u r v e s  2 and 3 w e r e  
r e c a l c u l a t e d  f r o m  the  e x p r e s s i o n s  g iven  in [7] and f r o m  the Sch l i ch t ing  p r o f i l e .  

In sp i t e  o f  the  c o m p l e x i t y  o f  the  c o m p a r i s o n  ( s u p e r p o s i t i o n  of  the  c u r v e s  at  the  po in t s  ~ = 0.1 and 0.7), 
i t  c o n s t i t u t e s  e v i d e n c e  of  the  f ac t  tha t  a s o l u t i o n  f r e e  of  the  i n c l u s i o n  of  e m p i r i c a l  c o n s t a n t s  i s  in a g r e e -  
m e n t  with the  r e s u l t s  of  a c a l c u l a t i o n  u s i n g  s e m i e m p i r i c a l  s c h e m e s  which  have  been  c o n f i r m e d  e x p e r i -  
m e n t a l l y .  The  s o l u t i o n  c o r r e s p o n d s  to e x p e r i m e n t  not on ly  q u a l i t a t i v e l y  but ,  wi th  a c e r t a i n  d e g r e e  o f  a p -  
p r o x i m a t i o n , a l s o q u a n t i t a t i v e l y .  Th i s  c o n c l u s i o n  can  be e x t e n d e d  a l so  to o p p o s i n g  f lows .  It is  of  i n t e r e s t  
to c l a r i f y  the  e f f ec t  of  the  p a r a m e t e r  m on the g e o m e t r y  of  the  f low, i . e . ,  on the  d i m e n s i o n s  and l o c a t i o n  
(with r e s p e c t  to the  l i ne  y = 0) of  the  m i x i n g  r e g i o n .  

F i g u r e  10 i l l u s t r a t e s  the  d e p e n d e n c e  on m of  the  g e o m e t r i c  c h a r a c t e r i s t i c s  of  the  f low, i . e . ,  o f  the  
r e l a t i v e  c o o r d i n a t e s  y / x  c o r r e s p o n d i n g  to the  v a l u e s  ~ = 0.1, 0.5, 0.9 ( c u r v e s  1, 2, 3) and of  the  n o m i n a l  
t h i c k n e s s  o f  the  m i x i n g  zone  A(y /x )  = (y/x)0. 9 - (y/x)0.1 ( cu rve  4). 

The  f i g u r e  shows  tha t ,  in an a c c o m p a n y i n g  f low (m > 0), the  i n t e r n a l  b o u n d a r y  of  the  f low (3) v a r i e s  
on ly  s l i g h t l y ,  whi le  the  e x t e r n a l  b o u n d a r y  (1) a p p r e c i a b l y  a p p r o a c h e s  the  l i ne  y = 0 with a r i s e  in the  va lue  
of  m.  In the  r e g i o n  m < 0, fo r  o p p o s i n g  f lows th i s  b o u n d a r y ,  with a r i s e  in the a b s o l u t e  va lue  o f  m,  m o v e s  
away f r o m  the  s t r a i g h t  l ine  y = 0. The  t h i c k n e s s  of  the  m i x i n g  r e g i o n  A(y /x )  f a l l s  c on t i nuous ly  with a r i s e  
in  the  va lue  of  m.  The  g r a p h  in F ig .  10 shows  tha t  the  e m p i r i c a l  c o n s t a n t s  i n t r o d u c e d  into the  c a l c u l a t i n g  
s c h e m e s  of  [2, 4, 5] depend  on m .  

6. What  has  been  s a id  c o n f i r m s  the  a p p l i c a b i l i t y  of  the  me thod  of  c a l c u l a t i o n  p r o p o s e d  in [1] to the  
t ype  of  f r e e  t u r b u l e n t  f low u n d e r  c o n s i d e r a t i o n .  The  f i e ld  of  the a v e r a g e d  c h a r a c t e r i s t i c s  o f  the  f low o b -  
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tained by analyt ical  solution (the components of the velocity and the secondary moments)  cor responds  to 
fully developed turbulent  motion. The agreement  between the solution and exper iment  was obtained f rom 
a two-dimensional  model  of  the vor t ical  flow of an ideal liquid, while the rea l  actual motion is t h r ee -d i -  
mensional .  Qualitatively, this can be explained by the fact that in jet  turbulent  flows, as is shown by ex-  
per iment  [2, 6], in p rac t ice ,  the secondary  moments  <u'w'> = <v'w'> ~ 0, containing the pulsations of the 
component of the velocity w along the z axis,  a re  equal to zero .  The effect  of this component on the ave r -  
aged motion may be negligibly small .  

A fur ther  broadening of the method of [1] may be found useful in the solution of cer ta in  problems.  
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